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Abstract 

1) Fermat has proved that 4 4 2x y z+ =  has no positive integer solution, 

and in 2011, J. Cullen [1] reported that { }7, 0,1, ,10x y∈  , 4 4 1x y+ +  is 

not a square greater than 1, and conjecture: 4 4 21x y z+ + ≠ , { }2,3,z∈  , 

{ }, 0,1,x y∈  . On May 15, 2021, Sun Zhiwei [2] proposed that neither 

( )4 4 1 ,x y x y N+ + ∈  is a perfect power based on Cullen’s conjecture (the 

form is { }( ), , 2,3,mz z m∈   called perfect power). This paper generalizes 

and proves J. Cullen’s conjecture. 2) A lot of data calculation and verification 
are carried out, and 25 conjectures in number theory are put forward for num-
ber theory lovers to study. 
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1. Introduction 

An important factor in the never-ending progress of mathematics is the constant 
supply of new problems to stimulate its development. The mathematician W. Sier-
pinski said: “The accumulation of our knowledge of number theory depends not 
only on theorems that have been proved, but also on conjectures that are un-
known”. 

In this paper, based on the generalization and proof of J. Cullen’s conjecture, 
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we present 25 conjectures in number theory, most of which are related to unsolved 
problems in a certain class of number theory. We know that none of the following 
problems in number theory have been completely solved: 

1) There are infinitely many twin prime numbers (related to conjecture 1). 
2) Any even number greater than 4 can be expressed as the sum of two primes 

(related to conjecture 3). 
3) There are infinitely many prime primes of the shape 2 1x +  (related to con-

jecture 5). 
4) There are infinitely many prime primes of the shape 2 2x m+ . m is a given 

positive integer (related to conjecture 4). 
5) There are infinitely many or only finite number of Fermat prime (related to 

conjecture 7.16). 
6) The Guiga conjecture holds (related to conjecture 10). 
7) There are infinitely many Mersenne primes (related to conjecture 25). 
8) There are infinitely many Fibonacci primes (related to conjecture 23). 
9) There are infinitely many Lucas primes (related to conjecture 24). 

10) −2 perfect numbers only have the form 
( )1

2
n nF F −

. 22 1
n

nF = +  is a 

prime. (related to conjecture 2). 
There are also conjectures which raise some new number theory questions. 
The formulation of these conjectures also suggested possible ways to prove the 

above problems. These conjectures are programmed with Maple, after a lot of cal-
culation and verification. 

2. A Proof of a Conjecture 

In 2011, J. Cullen reported in [1] that: { }7, 0,1, 2, ,10x y∈  , 4 4 1x y+ +  is not a 

square greater that 1, and guesses: { }, 0,1, 2,x y∈  , { }2,3,z∈  , there are all: 

4 4 21 .x y z+ + ≠  

This paper generalizes and proves J. Cullen’s conjecture. 
Lemma 1. If p is a prime number, 1n p − , ( ), 1p a = , then 

 ( )modnx a pα≡   (1) 

the necessary and sufficient condition for a solution is 

( )
( )1 mod

p

na p

αϕ
α≡  

Proof: Necessity: If congruence (1) has a solution 0x , then ( )0, 1p x = , accord-
ing to Fermat’s little theorem: 

( )
( )

( ) ( ) ( )0 0 1 mod .
p p

pnn na x x p

α α
α

ϕ ϕ
ϕ α≡ ≡ ≡  

Adequacy: If 
( )

( )1 mod
p

na p

αϕ
α≡  is true, then 
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( ) ( )
( ) ( ) ( )

( ) ( )
( )

1 1 1 .
p p pp

p n nn n nnx x x x a a x a P x x a

α α αα
α

ϕ ϕ ϕϕ
ϕ

   
     − = − + − = − + −          

   

 

Where ( )P x  is the polynomial with integral coefficients about x. 
Lemma 2. Let 2t ≥ , if ( )2 1 mod

t
x l≡ −  has a solution, then 

1
12 .r

rl p pβ ββ= ×   

ip  is a different prime number, ( )11 mod 2t
ip +≡ , 1,2, ,i r=  , 0,1β = . 

Proof: According to lemma 1, the necessary and sufficient conditions for 

( )2 1 mod
t

ix pα≡ −  to have a solution are: 

( )
( )

( )
( )

( )
1 1

2 21 1 1 mod .
i i i
t t

p p p

ip
α αφ

α
− −

− = − ≡  

i.e.  ( )11 mod 2t
ip +≡ .  

Also, ( )21 1 mod 2
t
≡ − , so 1 is the solution to ( )2 1 mod 2

t
x ≡ − . 

Based on the above proof, the following conclusions can be drawn: 
1) If ( )2 1 mod

t
x l≡ −  has a solution, then 1

12 r
rl p pβ ββ= ×  .  

( )11 mod 2t
ip +≡ , 

1,2, ,i r=  . 0,1β = . 

2) If there are non-2 non- ( )12 1t h h N+ + ∈  factors in l, then ( )2 1 mod
t

x l≡ −  
has no positive integer solution. 

Lemma 3. Let { }2,3,z∈  , 2m ≥ , and m be even, then: 1mz −  must have a 
factor that is neither 2 nor ( )12 1t h h N+ + ∈ . 

Proof: When 2z u=  and m is even, ( ) ( )12 1 1 mod 2m tu +− ≡/ , 
i.e. 

( ) 12 1 2 1.m tu k+− ≠ +  

When 2 1z u= +  and m is even, ( )4 2 1 1mu + − . 
So 1mz −  must have a factor that is neither 2 nor 12 1t k+ + . 
Lemma 4. Let { }, 2,3,t z∈  , 2m ≥ , ( )0 mod 2m ≡ , then  

( )2 1 mod 1
t ms z≡ − −  has no positive integer solution. 

Proof. According to lemma 2: if ( )2 1 mod 1
t ms z≡ − −  has a positive integer 

solution, then 1
11 2 rm

rz p pβ ββ− = ×  . ( )11 mod 2t
ip +≡ , 1, ,i r=  . 0,1β = . 

According to lemma 3, 1mz −  must have a factor that is neither 2 nor 12 1t h+ + ,

h N∈ . The combination of the two lemma gives: ( )2 1 mod 1
t ms z≡ − −  has no 

positive integer solution. 
Lemma 5 [3]. Let 2n ≥  and 3m >  be the given positive integers, and if 

( )1 modns m≡ −  has no positive integer solution, then 
n nm x y= +  

Has no positive integer solution. Where ( ), 1x y = . 

Theorem. Let { }, 2,3,z t∈  , { }1,2,k ∈  , { }, 0,1,x y∈  , then 
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2 2 21 .
t t kx y z+ + ≠  

Proof: According to lemma 4: ( )2 21 mod 1
t ks z≡ − −  has no positive integer 

solution, and according to lemma 5, it can be obtained: 
2 2 2 1,

t t kx y z+ ≠ −  

namely 
2 2 21 .

t t kx y z+ + ≠  

Corollary 1. 
2 2 1

tkz x− =  no positive integer solution. 
Where { }, 2,3,z t∈  , { }1,2,k ∈  , { }0,1,x∈  . 
Corollary 2. 
Let { }, , 2,3,t z m∈  , if ( )23 mod 2tz +≡/ , then 2 2 1

t t mx y z+ + ≠ . 
Where { }, , 2,3,z m t∈  , { }, 0,1,x y∈  . 
Proof. When ,z m  are both odd, ( )( )1 21 1 1m m mz z z z z− −− = − + + + + , 

since ( )23 mod 2tz +≡/ , so ( )11 1 mod 2
2

tz +−
≡/ . Therefore, there must be a factor 

that is neither 2 nor 12 1t l+ +  in 1z − , and then there is also a factor that is 
neither 2 nor 12 1t l+ +  in 1mz − , according to lemma 3 and lemma 4, then 

( )2 1 mod 1
t ms z≡ − −  has no positive integer solution, according to the theorem 

and lemma 5, 2 2 1
t t mx y z+ ≠ − , and thus 

2 2 1 .
t t mx y z+ + ≠  

3. Twenty-Five Conjectures in Number Theory 

Conjecture 1 
Let 2a ≥ , there must be a b between a and 2a such that ( )1 1b b + ±  are both 

prime. 
Verify until 810a ≤ . 
Since ( )1 1b b + ±  is a pair of twin prime, it follows that there are infinitely 

many twin prime. 
Conjecture 2 
Definition of z perfect number: 
Let m be a positive integer, ( )mσ  be the sum of all positive factors of m, and 

z be any integer, if 

( ) 2m m zσ − =  

Then m called z perfect number. 
If 0z = , then m is perfect number. 
From the above definition, if 22 1

n

nF = +  (Fermat number) is a prime, then 

( )1
2

n nF F −
 is −2 perfect number. 

Proof: Since 
( ) ( )2 1 21

2 2 1
2

n nn nF F
m −−
= = + , 22 1

n
+  is a prime number, then 
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( ) ( )( ) ( )( )2 2 2 1 22 1 2 2 2 2 2 1 1 2 2
n n n n

m mσ −= − + = + − = − . 
Which is to say: 

( )0 02 1 22 2 1 3− + =
 

( )1 12 1 22 2 1 10− + =
 

( )2 22 1 22 2 1 136− + =
 

( )3 32 1 22 2 1 32896− + =  

( )4 42 1 22 2 1 2147516416− + =  

Both are −2 perfect numbers. 
Guess: 

All even −2 perfect number can only have the form: 
( )1

2
n nF F −

, i.e. the suffi-

cient and necessary condition for m to be −2 perfect number is 

( )1
2

n nF F
m

−
= . 

where 22 1
n

nF = +  is a prime number. 
There are no longer odd −2 perfect numbers. 
Verify until 910m ≤ . 
Conjecture 3 
Let ( )mϕ  be the Euler function, m is a positive integer, when 4m ≥ , there 

are at least two prime numbers 1p  and 2p  between ( )m mϕ−  and  
( )m mϕ+  such that 

1 2 2p p m+ = . 

Verify until 810m ≤ . 
This conjecture is stronger than Gldbach’s conjecture, and if this conjecture is 

true, Gldbach’s conjecture must be true. 
Conjecture 4 
Given a positive integer m, if 3n m> > , there must be an 1,2, ,i n=   to makes 

( )2 2n i m+ +  

is a prime number. 
Verify until 610m ≤ . 
If this conjecture is true, then there are infinitely many prime numbers of the 

shape 2 2x m+ . 
Conjecture 5 
If 2n ≥ , then there must be an 1,2, ,i n=   makes 

( )2 1n i+ +  

is a prime number. 
Verify until 810n ≤ . 
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If this conjecture is true, then there are infinitely many prime number of the 
shape 2 1x + . 

Conjecture 6 

Let q be a odd prime, 2 1
3

q

qW +
=  (Wagstaff number), if  

( )
1

27 1 mod
qW

qW
−

≡ − , then qW  is a prime. 

Verify until 510q ≤ . 
Conjecture 7 
For a given positive integer n, if 5n ≥ , equation 

 2 2 2 22
n

x x y −+ + =   (2) 

There are always integer solutions, and if this conjecture is true, then 
22 1

n

nF = +  for 5n ≥  is composite. Because: Multiply both sides of (2) by 4 and 
add 1 to get: 

( ) ( )2 2 22 1 2 2 1
n

x y+ + = + . 

Since nF  (Fermat number) can be expressed in forms as the sum of two 
squares, nF  is composite. 

If n exist such that (2) has no integer solution, then nF  is prime. 
Verify until 32n ≤ . 
Conjecture 8 
Let ( )maxZ n p= , where p is the largest prime factor of n. Take ( )max5 1Z m× +  

for any odd natural number m, or divide by 2 for any even number, and so on, to 
get 1. 

Verify until 35 10m ≤ × . 
Conjecture 9 
Let ( )maxZ n p= , where p is the largest prime factor of n. Take ( )max3 1Z m× +  

for any odd natural number m, or divide by 2 for any even number, and so on, to 
get 1. 

Verify until 35 10m ≤ × . 
Conjecture 10 
Let Carmichael number 1 2 rm p p p=  . ip  are different odd prime number, 
1, ,i r=  , then 

1

1 1
r

i ip=

<∑ . 

Verify until 810m ≤ . 
If this conjecture is true, so is the Giuga conjecture [4]. 
Conjecture 11 
Let , , 1x y z > , , ,x y z N∈ , Then 

0 1 2zx x x y+ + + =  

There are only two sets of positive integer solutions: 
3, 4, 11x z y= = =  and  7, 3, 20x z y= = = . 
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Verify until 310 , 30x z≤ ≤  (different values are high values). 
Conjecture 12 
Indeterminate equation 

2p qx y− =  

Only 3, 3, 5, 2x p y q= = = =  a set of positive integer solutions. , 1p q > . 
Conjecture 13 
Indeterminate equation 

3p qx y− =  

Only 2, 7, 5, 3x p y q= = = =  a set of positive integer solutions. , 1p q > . 
Conjecture 14 
Let 3p >  be odd, then p is prime if and only if 

( )
-1
2

2
1

1 0 mod

p

k
p

k=

≡∑ . 

Verify until 610p ≤ . 
Conjecture 15 
p is prime when ( )1 mod 8p ≡ , then 

2p x q= + . 

Where x is an integer and q is a odd prime. ( )1 mod12q ≡ . 
Verify until 710p ≤ . 
Conjecture 16 
Definition of number of children: 
Let n be even, and if a b n+ =  and ( )2 2 1r ra b k k× = +  or  

( )2 2 1r ra b k k× = − , then a and b are called pairs of children of n. where 1r ≥  
and k is odd. 

Guess: 
When 9, 2mm n≥ =  always has a number of children. 
Verify until 322m ≤  (can prove it). 
If this conjecture is true, then conjecture 7 is also true. 
Conjecture 17 
Let 3m ≥  is odd, then 

( )
( ) ( )

( )

( )
11

1
, 1

12 1 12 mod
2

km m

m
k

k m

q m
m k

ϕ −−

=
=

−−
= ≡ ∑  

Verify until 510m ≤ . 
Conjecture 18 
Let ( ), 1, 2, 3a m a m= ≥ ≥ , then 

( )
( )

( )

( )
1

1
, 1

1 1 1 mod
m m

m
k

k m

a kaq a m
m a k m

ϕ −

=
=

−  = ≡   
∑  

Verify until 510m ≤ . 

https://doi.org/10.4236/oalib.1112171


Z. Q. Zhou 
 

 

DOI: 10.4236/oalib.1112171 8 Open Access Library Journal 
 

Conjecture 19 
If ( )1 mod12m ≡ − , then m is not a Carmichael number. 
Verify until 810m ≤ . 
Conjecture 20 
Any odd number m greater than 1 can be represented as 

2 22m p x= + . 

p odd prime number. 
Verify until 510m ≤ . 
Conjecture 21 
Any odd number m greater than 3, ( ),3 1m = , can be expressed as: 

2 23m p x= + . 

( )1 mod12p ≡ , p odd prime. 
Verify until 510m ≤ . 
Conjecture 22 
R is odd, if ( ) 2R Rς − , then 1R p=  or 1 2R p p=  or 1 2 3R p p p= . 

ip  is the different odd prime numbers, 1,2,3i = . ( )Rς  is the sum of all true 
factors of R. 

Verify until 95 10R ≤ × . 
If this conjecture is true, then conjecture 2 is also true. 
Conjecture 23 

( )0 1 1 10,  1,   ,  0,1, 2,      , .n n n n nu u u bu cu n u u b c+ −= = = − = =  

Let 
12 22 2

k k
p

−
< ≤ , p is prime, then there are 2k≥  p's such that ( )1,1pu  is 

prime. 
Verify until 48 10p ≤ × . 
Conjecture 24 

( )0 1 1 12,  ,  ,  1, 2,      , .n n n n nv v b v bv cv n v v b c+ −= = = − = =  

Let 
12 22 2

k k
p

−
≤ ≤ ,p is prime, then there are 2k≥  p's such that ( )1,1pv  is 

prime. 
Verify until 48 10p ≤ × . 
Conjecture 25 

( )0 1 1 -10,  1,   ,  0,1, 2,      , .n n n n nu u u bu cu n u u b c+= = = − = =  

Let 
12 22 2

k k
p

−
< < , p is prime, then there are 2 1k≥ −  p's such that ( )3,2pu  

is prime. 
Verify until 610p ≤ . 
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